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GENERALIZED POTENTIAL FOR INELASTIC SCATTERING* 

by Howard C. Volkin 

Lewis Research Center 

SUMMARY 

The generalized potential that gives the scattering into a selected group of inelastic 
channels along with the elastic scattering is derived by means of the projection operator 
for the set of channels. A general class of projection operators that selects all open 
channels is developed in terms of the previous projection operator. The resonance part 
of the generalized potential can then be obtained by means of Feshbach's unified theory of 
nuclear reactions. There is no limitation on the types of reactions that can occur. Ex­
amples of projectors belonging to the class a r e  given for the case of two-channel reac­
tions. An example which is discussed in some detail is the pickup process. After the 
resonance contributions have been isolated, the transition amplitudes can be energy aver­
aged. The result is used to obtain the generalized optical potential. The properties of 
the potentials that follow from the equations which determine them a r e  discussed. A 
short review is given of some elements of Feshbach's reaction theory that a r e  required. 

I NTRO DUCTlO N 

The complex potential model has proved to be very useful for representing the elas­
tic scattering of particles by complicated target systems in a wide variety of situations. 
More recently, with the continuing improvement in computer technology, the use of gen­
eralized potentials has become practical and has given equally impressive results. Many 
derivations of the exact single-channel potentials have been given (refs. 1 to  7). They 
lead to formal expressions for a potential which gives precisely the same elastic scatter­
ing as that determined by the many-body SchrGdinger equation from which the probelm 
starts. 

Multichannel or generalized potentials have been derived by Feshbach (refs. 1 and 2) 
and Mittleman and Pu (refs. 8 and 9). None of these treatments, however, combine all 
- * To be published in the Physial Review. 
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the following conditions: 
(1)There is no limitation on the types of reactions that can occur. 
(2) Resonance contributions to the potential are isolated and shown explicitly. 
(3) The potential obtained describes the elastic and any selected part of the inelastic 

scattering. 

In medium-energy nuclear reactions, however, all these conditions must be met in order 

t o  relate directly an exact potential to a phenomenological potential of the kind employed 

in a coupled-channel calculation for the elastic and inelastic scattering. The primary 

purpose of this report is to  show how the generalized potentials can be derived when all 

three of the preceding conditions are fulfilled. In the course of treating this problem, 

several useful properties of channel projection operators are developed. Furthermore, 

a rigorous procedure for including resonances in coupled-channel calculations is exhib­

ited as part of the overall development. 


The term generalized potential refers  to a simplified Hamiltonian which will yield 
a scattering solution with the same asymptotic behavior in a certain group of channels as 
that which the scattering state of the full Hamiltonian, with the corresponding boundary 
conditions, has in these channels. The term generalized optical potential is reserved to 
designate a complex potential that produces, at an energy E, transition amplitudes that 
a r e  equal to  the energy-averaged transition amplitudes of the system when the average 
is taken over a suitable energy interval about the value E. (Symbols a r e  defined in 
appendix A. ) The counterpart employed in applications is a phenomenological potential 
model that possesses internal degrees of freedom corresponding to  a particular kind of 
target excitation. The model is used to describe the inelastic scattering for a selected 
set of target excitations of the type represented by the particular model, as well as the 
elastic scattering. The approach leads to a set of coupled equations for the relative mo­
tion part of the wave-function components in these channels. Solving the set of equations 
yields, concurrently, the scattering given by the model in all the included channels. 

In direct nuclear reactions, there frequently occur inelastic scattering amplitudes 
for the excitation of highly collective states of the target nucleus which a r e  almost as 
large as the elastic amplitude. In such cases, approximations for the inelastic scattering 
which neglect the coupling between these strongly excited channels a r e  often inaccurate. 
At the same time, the single-channel optical model may require unusual values for its 
parameters in order to  describe the direct elastic scattering. A set of coupled equations 
must be used to obtain satisfactory results. As the findings of coupled-channel calcula­
tions (refs. 10 to  12) accumulate, it is expected that the empirical properties of general­
ized optical potentials will become as well established as those of the single-channel op­
tical model and provide information about the nucleus of comparable importance. 

In the next section, GENERALIZED COMPLEX POTENTIALS, a generalized potential 
is derived (in a way that will be useful later) that gives the scattering in a chosen set of 
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inelastic channels along with the elastic scattering. This result has been given recently 
by Mittleman and Pu (refs. 8 and 9) and it satisfies conditions (1) and (3). This kind of 
potential, however, is not well suited to  the situation where the scattering exhibits reso­
nance effects because of the formation of quasi-stationary bound states of the total sys­
tem. In this case, what is usually needed for comparison with experimental results is the 
optical potential. To obtain the optical potential, it is first necessary to  separate explic­
itly the resonance part of the transition amplitude, which contains the rapid energy de­
pendence, from the slowly varying part. For this purpose the formalism of Feshbach’s 
unified theory of nuclear reactions (refs. 1 and 2) is particularly convenient. Feshbach 
has obtained expressions for generalized potentials, both the monoenergetic and optical 
variety, which describe the reactions into all the open channels. In reference 1, the de­
velopment is limited to  the case where only inelastic reactions occur and thereby satis­
fies conditions (2) and (3). In reference 2, the treatment is extended to  general reactions 
and so meets the requirements of conditions (1) and (2). In appendix B, some basic ele­
ments of Feshbach’s reaction theory that are required herein a r e  reviewed. 

In this report the potentials which satisfy all three of the preceding conditions a r e  
derived. The key step in the development is to relate the projection operator P, which 
selects all the open channels, and the projection operators employed in the section 
GENERALIZED COMPLEX POTENTIALS, which select the inelastic channels. This is 
accomplished in the section SUBSPACES AND THEIR PROJECTORS. First, the proper­
t ies of the P projectors are described; a form for P is chosen that has the desired 
relation; and then the general expressions a r e  applied to  reactions that involve only two 
types of channels. By way of illustration, the results are discussed for the case of pickup 
or stripping processes in appendix C. The generalized potential, which describes the 
scattering in the selected inelastic channels, is obtained in a form that clearly exhibits 
the resonance contribution. Appropriate energy averaging then leads to the correspond­
ing generalized optical potential. Finally, some of the properties of these potentials that 
follow from the equations which determine them a r e  discussed. 

GENERALIZED COMPLEX POTENTIALS 

The collision of particles that a r e  themselves bound aggregates of elementary parti­
cles is now considered. A reaction channel is identified by the indices (Y and n which 
designate, respectively, the distribution of fundamental particles into bound fragments 
and the internal states of these fragments. For simplicity, all particles are treated as 
distinguishable. Then, for a given set of bound fragments (Y, the Hamiltonian ;c” can be 
separated into a noninteracting Hamiltonian Ka and an interaction V,; 
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&‘=Ka!+V, 

The operator Ka! contains the kinetic energy of each elementary particle and its interac­
tion with every other particle of the bound fragment in which it is found in the set a! and 
may conveniently be expressed as 

Ka! = Ta! + Xa 

where each term on the right consists of a sum over all the a! fragments, T, the sum 
of the center-of-mass kinetic energies, and Xa the sum of the internal Hamiltonians. 
An eigenstate van of Xa consists of the product of the state of motion of each frag­
ment relative to  its fixed mass center. An eigenstate u a ! ~  of Ta! can be taken to  be a 
product of plane waves corresponding to the free motion of the mass centers, where is 
used to  specify the momenta of the fragments. Noninteracting states, which are eigen­
states of Ka, can be written as 

The indices QO will be reserved for the incident channel. Of course, incident chan­
nels consisting of two particles are of primary interest, but the formalism appears the 
same in the more general case. The continuum eigenstate of 8,that describes the re­
action, is given by the formal expression 

where the limit E - 0’ is understood on the right. The plus sign on the term k cor­
responds to the boundary condition that only outgoing waves are present at asymptotic 
separations of the fragments in the exit channels pm # (YO. The center-of-mass refer­
ence system with the center of mass at the origin is the most useful reference system 
for our purposes. For notational convenience, the abbreviated form 

is used for the desired solution (eq. (4))of the Schrijdinger equation 

(E - 8) \ k  = 0 (5) 
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In addition to  the explicit form of equation (4), the Lippman-Schwinger integral equation 
is satisfied by 9: 

Consider now the subspace Yam of the total Hilbert space spanned by all states of 
the form xqP,,, where x is any state of motion for the mass centers of the particles a. 
Because any two qam with different values of m are orthogonal on the scalar product 
over the internal variables of the particles, the Yam constitute a set of subspaces which 
which are orthogonal on the full  scalar product of the space. The projection operator 

*am into the subspace Yam can be written as the outer product 

where it is understood that acts as a multiple of the unit operator on a state of mo­
tion of the mass centers. Then the set of projectors has the following properties: 

t ­
*am - 'am 

and 

The wave function iJ? can be expanded in terms of the complete orthonormal set of eigen­
states of Xa 

where the coefficients fa, are functions of the center-of-mass positions of the particles 
in the set a. The sum runs over the complete set of eigenstates qam including the 
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states in the continuum spectra of Xa. It then follows directly that 

'am* = f a m q a m  (9) 

and that all the information about the asymptotic behavior of 9 in the channel a m  is 
contained in the projection nom*. 

A set I of a channels, which includes the incident channel (YO but otherwise con­
sists of an arbitrary selection of a channels, is now considered. The operator 

projects into the vector or direct sum YI of the selected orthogonal spaces: 

YI = Y
CY0

@ Yai@. . . @Yaj o,i, . . ., jcI 

The projector into the entire subspace orthogonal to  YI is 

01=1 - ITI, o pI = 0 

The projections of \k a r e  

m c I  

and 

9'= 01* 

Operating on equation (5) with 	 111 and OI gives the pair of coupled equations: 

(E - nIX'ITI)91 = IIIX'@T-'x" 

and 

(E - OIX'OI)9' = O1XIII9, 
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From the commutation relation (eq. (7d)) it is seen that 

rI1XTtI = K,rII + rIIVarII,rIIjc”oI = rIIVaOI,etc. 

Equation (12b) can be solved as follows: 

*’ = 1 olv,’k
E - K, + i� 

This solution is just the result obtained by operating on equation (6)with Or The plus 
sign on the ic term ensures that, at large separations, only outgoing waves appear in 
the open inelastic channels not contained in I and in the contribution of ** in the re­
arrangement channels. The imagninary term can be omitted if I contains all the open 
channels. The vector V,9 satisfies the equation 

v,* = v,ql + v, ~-
E - K, 

1 
+ i� O1V,* 

If an operator Up) is defined by the equation 

u p  = van1+ v, 1 OIUl+)III
E - K, + i� 

it is clear that 

satisfies the same equation (eq. (14))as does V,@ and, hence, that 

v,* = 

The propagator in equation (14), 

(E - K, + ic)-1oI= o I ( ~- K, + i&oI 

can be rewritten as 
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(E - K, + k )-1eI= OI(E - K, - OIV, + k )  - V,(E - K, + k)- oI' I  
= (E - + eI1 - V,(E - K, + ie)-le,l' [  

Inserting the resultant identity into equation (15) gives an explicit formal solution of the 
equation, namely, 

This last result could have been obtained directly by noting that the solution of equa­
tion (12b) can also be written as 

@' = (E - OIXOI + &)-lOIVa@I 

The generalized potential is defined as 

and has the property that 

Equation (12a) can then be written in the form 

which shows that the potential VF) will give the t rue scattering in the channels I. The 
generalized potential of equation (17) has recently been applied by Pu (ref. 13) to the 
scattering of electrons by atomic hydrogen. 
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SUBSPACES AND THEIR PROJECTORS 

Properties of Projectors That Select All  Open Channels 

The generalized potential given by equation (17) is not convenient when the scattering 
shows resonance behavior. The potential will then have a rapid energy variation corre­
sponding to poles in its energy dependence. The origin of this effect lies in the possibility 
of the system forming compound states with an appreciable lifetime for decay into the exit 
channels. In order to isolate the contribution to  a generalized potential arising from this 
aspect of system behavior, one of the fundamental theories of reactions must be employed, 
which will provide a formalism for treating resonances. The theory of nuclear reactions 
due to  Feshbach is particularly appropriate, because it supplies a unified description of 
direct and resonance reactions. 

Reaction channels that are energetically allowed are called open channels, and all 
others are closed channels. In the open channel pm, the wave function 9 at large sep­
arations of the p fragments assumes the form 

A projection P which selects the open channels is a projection operator for which PQ 
has the same asymptotic form in any of the open channels as 9 itself. Thus, at large 
particle separations in the open channel pm, P* must yield 

The open-channel subspace into which P projects will be called B. Since only the as­
ymptotic behavior of P9  has been uniquely prescribed, the subspace 9 is not unique 
and, hence, neither is the projector P. The largest subspace 4 orthogonal to  B can 
be referred to as the closed-channel subspace, and its projector is Q = 1 - P. Since the 
incident channel and all other open channels are included in P, when Q operates on a 
state 9,it yields a function which in any channel has the asymptotic behavior 

In configuration space, W is limited essentially t o  the regions in which fragments of an 
open channel are interacting. 

The pair of coupled equations obtained by operating on equation (5) in turn with P 
and Q is 
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(E - Xpp)P9 = XPQQ9 

( E - 2QQ) Q 9 =  JI“QPP 9  

In view of the boundary condition (eq. (21)) that Q9 satisfies, the formal solution of 
equation (22b) can be written as 

1w =E-*,*QPp9 

When equation (23) is substituted into equation (22a), a Schradinger equation for PQ is 
obtained 

(E - H)P?Zi = 0 (24) 

with the effective Hamiltonian H given by 

The transition amplitudes obtained from PQ are exactly those given by the full state 
vector 9; thus, resonance effects occurring in the reactions are accompanied by rapid 
energy variations in the effective Hamiltonian H that governs the behavior of P9. It is, 
in fact, the second term on the right side of equation (25) from which the rapidly varying 
part of H arises. The compound states of the total system a r e  described approximately 
by the eigenstates q, of 2- belonging to  the discrete spectrum 

These eigenstates are t rue bound states and, hence, have an infinite lifetime. In addition, 
there is the continuous spectrum of eigenvalues that begins at a minimum value equal to 
the smallest threshold energy for opening any of the channels which a r e  closed at the en­
ergy E and which are, thus, not in the set of open channels selected by P. Solutions of 
the homogeneous form of equation (22b) a r e  6(E - g V ) q V ,but any admixture of these 
functions to  the solution given by equation (23) is ruled out by the physical requirement 
that 
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be well behaved as E -L 8,. 
The exact compound state is described by w and decays into the open channels by 

virtue of the coupling provided by the term on the right of equation (22b). But, for values 
of E in the neighborhood of an isolated resonance, the compound state has a long life­
time and the rapidly varying part of Q\E is proportional to the state 'p, whose eigen­
value 8, is close to  E. At an energy where resonances overlap, a linear combination 
of the states 'p,, whose eigenvalues lie within the region of overlap, approximates the 

1compound state. These properties are verified by expanding the operator (E - #QQ)­
in the total set of eigenstates of if QQ' 

including those in the continuous spectrum, 
and by then using the expansion in equation (23). When the same form of the operator is 
employed in equation (25), H can be separated at an energy value E, where resonance oc­
curs  into two parts, one of which, H', is slowly varying, and the other, HR, is rapidly 
varying with energy: 

H = H ' + H R  (27) 

The resonant part HR consists of a single term from the expansion when E is near an 
isolated resonance. When resonances overlap at E, HR consists of a finite sum of 
terms corresponding to the contributions of the states 'p, whose eigenvalues 8, lie in 
the region of overlap. The complete derivation of equation (27) is given by Feshbach 
(ref. 2). The main elements of the development a r e  sketched in appendix B. 

Appropriate Forms fo r  Projector That Selects A l l  Open Channe ls  

Consider now an open channel am.  The projection namP of P into the subspace 
Yam certainly approaches Q itself asymptotically in channel a m .  However, the full 
projection into Yam is not required to  obtain the same asymptotic behavior; that is, 
there exists, in general, a subspace Y c i  of Yam such that the projection of P into 
this subspace still yields the correct asymptotic result in channel a m .  Let YEAc) 
designate the largest subspace of Vam, which is orthogonal to UFA. Then the projec­
tion of 9 in Ut&') vanishes asymptotically in channel am: 
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The corresponding projection operators are 

where 

= o  

Thus, a decomposition of the subspace Yam is introduced which is not necessarily 
unique but which has the following properties: 

and 

In order to see that Vam is generally a somewhat larger projective space than 
necessary in which to  retain the desired asymptotic information about in channel a m ,  
other possible requirements can be cited which the subspace Vam may have to fulfill. 
First, consider an open rearrangement channel pn in which some fragments of the set 
a are bound together and the others a r e  the same, as for example in neutron capture. 
When the internal state cpPn 

is expanded in the set cpam7 clearly, large components for 
open channel values of a m  can occur. But the contribution of Yam that enters into 
the description of channel Pn corresponds to  functions that vanish asymptotically in 
channel am.  The part of Vam that yields only functions of this kind cannot enter into 
the asymptotic behavior of @ in channel a m .  However, it contributes to that part of 9 
which plays a role only in the description of rearrangement channels. 

A second function that might conceivably be required of Yam involves its projec­
tion in 9. A restriction that is always implied on the extent of 9 is that the closed 
channel subspace 4 must have enough in it to provide a description of compound states. 
The compound states in nuclear reactions, however, are expected to have a very small 
overlap with the relatively low lying states cpam available to inelastic excitation of the 
target system. In the case of an incident nucleon, the compound nucleus has an excitation 
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TIam 

above its ground state of the order of 8 MeV plus the kinetic energy of relative motion. 
The actual complex motion of the compound system can be pictured as reached through a 
succession of two-body interactions. It has been estimated (ref. 14) that, even at low in­
cident energies, this multiple excitation produces about seven quasi-particles (i.e. , eight 
excited particles and seven holes compared with the inttial state of the target). Thus, the 
portion of Yam required for this second purpose is very small but not identically a null 
space. In both the examples presented, the parts of Yam that were utilized meet the 
criterion established for Yak(P C). 

To illustrate how the separation of Yam might be effected in te rms  of a set of basis 
vectors in the subspace, consider a potential function in the mass center coordinates of 
the (Y fragments with the same symmetries in these coordinates as 2 itself. For nu­
cleon scattering, a shell model potential for the target nucleus would be appropriate. In 
equation (8 ) ,  the coefficient fa, can be expanded in the complete set of eigenfunctions 
of the potential with suitable outgoing wave boundary condition. For large separations of 
the mass centers, the discrete bound eigenfunctions Gi do not contribute to the expan­
sion. Thus, Yam') can be taken to be a space spanned by all or some subset of the(', 
basis vectors $bicpam. 

am, (',The subspaces Yam,Y((Y)and Yam') are orthogonal to  all other Yan, where 

n # m. Unlike Yam,however, the orthogonal subspaces Y r i  and YfA') a r e  not in­
variant under the operation of Ka, which does not commute with either IIFL or (P ,  C ). 
Let the set of all open a channels be designated as A. These open channels are enu­
merated by the indices am,  in order of increasing values of the internal energy Sa,
when m runs from 0 to  N ( a ) .  Also, let the vector sum of the subspaces Vam over 
the set A be called YA,the subspace orthogonal to it be Y i ,  and the projection oper­
ator into YA be HA. Then these quantities can be written in the form 

and 

and similar expressions for  the vector sum Vp) of the subspaces Y?: over the set 
A, and its projector J l f ) ,  etc. can be written. 
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Consider the intersection of 9 and VA, which is a linear subspace of both B and 

lyA. For an arbitrary projection P, this plane of intersection will be skew to the ortho­
normal basis for lyA constructed from the eigenstates of Sa!(each vector of the basis 
set has the form 5qa!, where m C A). However, there is sufficient flexibility in the se­
lection of a projection into the open channels that in any problem P can always be chosen 
so that 

This follows because the part of 9 required for the description of the asymptotic be­
havior in the open a channels must also lie in YA and, by definition, the subspace 
Y p )  is adequate for this purpose. The subspace .Yg) in 8,which is orthogonal t o  

Y f ) ,  is the part of 9’which is required only for the description of open rearrangement 
channels. (The space Y p )  may also contribute to  rearrangement channels involving 
bound a! fragments. ) These subspaces are visualized schematically in figure 1. Thus, 
P can always be chosen to have the form 

with the projective space 

Such a choice has the advantage that the projective space Yy) of ny ) ,  which yields 
the projection into the open CY channels, is spanned by an  orthonormal basis whose vec­
tors  a r e  all eigenstates of Z,. This choice is convenient for separating the elastic and 
inelastic processes from the remaining reactions. However, none of the spaces in equa­
tion (33b) is invariant under K, and none of the projectors in equation (33a) commutes 
with K,. 

From the discussion given previously, the assumption that the compound states have 
no components in YA does not appear to be overly restrictive in nuclear reactions. It 
follows from this assumption that none of the subspace YA is needed in 4 and, hence, 
that 9 can be enlarged to include all of YA. Then the form 

can be chosen with the corresponding relation 
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where Yo is the subspace in B which is orthogonal to  YA. Although no in equa­
tion (34a) does not commute with K,, nA (eq. (7d)) does. 

Two Kinds of Open Channels 

In order to  make more explicit the general arguments given so far, a somewhat sim­
plified reaction where only two kinds of channels are open, the CY and the p channels, 
is considered. Let A and B designate, respectively, the complete set of open a and 
open p channels, and let ITA and HB be the projectors of the sort  defined by equa­
tion (32) into the respective total subspaces YA and YB, like those shown in equa­
tion (30). Then, with the assumption that neither YA nor VB contribute to 4, under 
which projectors P of the type given by equation (34a) a r e  valid, P can be chosen to  be 
the projection into the space YA+B spanned by all the vectors of YA and YB com­
bined; that is, by defining the subspace 

the projector P is chosen to  be: 

An alternative prescription to  that of equation (35a) for the subspace YA+B can be 
obtained from the following constructive argument. Resolve all vectors of VB into two 
components, one contained in “YA and the other orthogonal to VA. The set of compo­
nents in YA span a subspace (lying entirely in YA),which is the projection of VB into 
“YA. The set  of orthogonal components spans a subspace, called “YBpA, that is orthog­
0na1 to  YA. Then VA+B is the vector sum of YA and Y

BpA’ 
because any linear 

combination of a vector in “YA and a vector in YB can be expressed as the sum of two 
orthogonal vectors, one in YA and the other in YBpA: 

(38) 
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If the incident channel is of the a! type, the form given by equation (37) corresponds to  
equation (34a), but, if it is a P type, equation (38) corresponds t o  equation (34a). It de­
pends on the details of a given reaction whether or not IIA9 arising from the use of 
equation (37)contributes to  the asymptotic behavior in the p channels, and likewise for 
IIB9 in the a! channels when the form of equation (38) is used. 

Actually to construct projection operators like IIBPA 
in a given problem may not be 

easy, as can be appreciated from the example of stripping or pickup reactions discussed 
in appendix C. A possible simplification in its use is seen upon writing 

and noting that only the first term on the right enters into the asymptotic contribution of 

IIBPA
9 in the open p channels. The projected vector (1 - rig)* contains no such as­

ymptotic information whatever, nor does any further projection of this vector. Equa­
tion (37) shows that 

and, after inserting equation (37) for 

is obtained. This operator is not itself a projection operator, nor does it yield one when 
added to  nA. (The only exception to this statement occurs when II

BpA 
and IIB com­

mute, which corresponds to the special case that VB is orthogonal to vAand, hence, 
is the same as Y

BpA' 
) The operator (eq. (39)) is easily constructed, however, and 

when solving equation (24) only that'part of IIBpA9 given by it needs to be obtained. 
When more than two kinds of channels a r e  open, the form of P given by equa­

tions (37) and (38) can be generalized in terms of projections into additional orthogonal 
subspaces. The alternative expressions for P reveal that a projector of the form of 
equation (34a) can also be written as 

-= IIc + no,?, IIcII0"-0, etc. 

where IIB is the projection into the open channels, ITc is the projection into the 
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open y channels, etc. These alternative forms of P are not required here. They cor­
respond to  a multicomponent form of the projector given recently by Hahn (ref. 15) for 
application to  multichannel processes. 

Genera I ized Optical Potentials 

The generalized potentials that describe the scattering into a selected set I of CY 

channels, which includes the incident channel CYO as well as an arbitrary group of in­
elastic channels, may now be derived. For the projection operator P into all the open 
channels the one given in equation (34a) is used. The projector llA defined by equa­
tion (32) can be resolved as follows: 

Both 111 and IIA-I commute with KCY,but as already indicated the projector no does 
not. Combining equations (34a) and (40a) yields 

P = n1 + rIK, rI1rIK = 0 ( 4 W  

where 

is the projector which selects all the open channels except those in the set I. The K 
channels comprise the excluded open inelastic channels as well as the open rearrange­
ment channels. 

In Feshbach's theory, equation (27) expresses the effective Hamiltonian H for P+ 
as a part H?, which is almost energy independent, plus a resonance term HR. Further 
details are reviewed in appendix B, where H? is given by equation (B2) and a suitable 
expression for HR is developed. In terms of the incident channel resolution of &' 
given by equation (l), H* has the form 

H' = PK,P + UP 

where 
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and UD represents the effect of all distant resonances. 
The generalized potential or effective Hamiltonian for QI, in a form which separates 

the slow from the rapid energy dependence may now be obtained. For this purpose, 
equation (24)is written as 

(E - H')PQ = HRPQ (42) 

Operating on equation (42)with IIK and solving for QK rIKQ yields 

*K = 1 ( H b Q I  + IIKHRPQ) (43)
E - H i ( K + k  

where 

H b  = II,$I'nI, etc. 

The first term on the right arises from the coupling between the I and K channels, and 
the second represents the direct coupling from the resonance states into the K channels. 
When equation (43)is used with the projection of equation (42)by 111, the result can be 

written as 

(44) 


where 

and 

so that 
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In order to  interpret equation (44), the analogous operations are performed on the equa­
tion 

(E - Ht)+(*) = 00 

where (+k?is the outgoing wave solution with incident wave in channel a. (am), 
with the result that 

and 

Thus, 

is the eigenstate of h(*) with the same asymptotic behavior in the I channels as qo(4 
itself. Also, equation (47) shows that 

(+) ( q i ) )  are orthonormal, but their projections GmI mIThe states $" (+) (+(-I) a r e  not. 
Equation (44) for @I is in the desired form. The resonance contributions to 

are isolated on the right side. The first term on the right gives the direct contribution 
into the I channels from the resonance states, and the second term corresponds to  the 
indirect contribution that arises as a result of the resonant behavior in the K channels 
and their coupling to the I channels. Equations (18) and (44) a r e  completely equivalent 
t o  one another, but equation (44) has the advantage of exhibiting the resonance contribu­
tions explicitly. The expression for @I obtained by solving equation (44) is in the form 
of a sluwly varying part plus a rapidly varying part: 



The transition matrix, which follows from equation (50), is 

The transition matrix element T
P

(I) given by I,&) is clearly e ual to the matrix ele­
ment T given by +:) ( for any of the I channels, because $@ has the same asymp-

P 
totic behavior as I&) in these channels. The total transition matrix element (eq. (50)) 
is the same as that which follows from P9 (eq. (B4)). This correspondence can be veri­
fied immediately with the help of equation (49),which gives 

In order to obtain the generalized optical potential for inelastic scattering, the tran­
sition amplitude (eq. (51)) is averaged over a suitable energy interval AE, as described 
in detail in appendix B. The step; involved are exactly analogous to those which lead 
from equation (B4)to equation (BlO), and the result is 

where 

and 

and where the sum runs over all discrete eigenstates 
I-1 

whose eigenvalues 8
I-1 

lie 
within the interval AE. 

The optical model Hamiltonian 
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can be characterized as follows: At energy value E, the eigenstate e(+), which satisfies 
the same boundary conditions as \kI, gives the transition matrix (eq. (52)). An integral 
equation satisifed by eigenstates of hM is 

while a state with the desired transition matrix is 

Comparing these last two equations shows that 

An alternative approach to the desired optical potential is to  obtain it directly from 
the optical potential HM whose eigenstate x(+) yields the energy-averaged transition 
amplitudes for all open channels: 

The potential HM has been derived by Feshbach (ref. 2) and is shown in equation (B11). 
From equations (B12) and (B15), the generalized optical model Hamiltonian for all chan­
nels can be written as 

HM = PK,P + U 

where the generlized optical potential U is 

and 
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AE 

The last equation is a more symmetrical version of equation (B15), and W is defined by 
equation (B7b). 

It is easy t o  project out of x(+) the part that describes the scattering in the selected 
a channels and t o  determine the optical model potential which governs this part. It fol­
lows as a consequence of there being no closed channels in the optical model description 
that 

and that 

as is easily verified from the explicit expressions for x(+) and HM. The form of P 
given in equation (41a) leads to the resolution 

Operating on equation (B11) with IIK and solving for give 

where H Z  = IIKHMIII, etc. Using equation (56) in the equation obtained by operating 
with II1 on equation (B11) then yields 

M 1 HE)x$+) = 0 (57) 
E - H K K + i �  

which is the desired expression. 
Two expressions (given by eqs. (53) and (57)) for a generalized optical potential des­

cribing the scattering in a selected set of inelastic channels have been derived. The two 
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different forms were obtained by reversing the order of the operations of energy averag­
ing the transition amplitude and projecting into the selected channels. There is no 
a priori reason for these to  be identical potentials, since the condition imposed upon 
them is only that their corresponding scattering states have the same asymptotic behav­
ior. Hawever, they do, in fact, give the same potential. Their equivalence is most 
easily established by showing that their scattering states are the same everywhere. The 
proof of this follows directly by operating with the projector HI on equation (B13b) and 
making use of the identity 

Comparison with equation (54) then shows that xk)= e(+). 
In the development of this section, the commutativity of HI and K, has not been 

used as yet. Hence, the equations have the same form when equation (33a) is used for 
the projector P. The use of equation (41a), however, does allow for additional simplifi­
cations. For example, the terms in equation (57) can be written as 

HIIM = K,HI + Un 

M = UX, HmHK M = 

H K K = I l  K H +UKKM 
K a K  

with UX = HIUH,, etc. Equation (57) then becomes 

1
(.- Ka - uII - UIK 
E - HKK + ieM 

PROPERTIES OF GENERALIZED POTENTIALS 

Because P* is the projection into all open channels, its effective Hamiltonian H 
is Hermitian as are the separate terms H' and HR' Inspection of equations (25) and 
(Bla) immediately verifies that these operators a r e  indeed Hermitian. The sluwly vary­
ing part H' contains in the te rms  PV,P and UD the interaction mechanism that 
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causes direct transitions to  the open channels. The term UD represents the net effect 
of all virtual transitions from the open channels to the closed and back. The generalized 
potential in equation (44), which governs a1,is not Hermitian, however, as follows from 
the imaginary term ic in the denominators of equations (45) and (46). The imaginary 
terms represent an absorption of the incident particle arising from processes in which 
the exit channel belongs to  the set of excluded open channels K. 

The physical significance of the individual terms appearing in equation (44) may now 
be interpreted. The part h(+), which is slowly varying with energy, is the contribution 
to  the potential from the direct processes. Equation (45) can be written in the form 

h(+) = H h  + H k  Pr 1 H h  - inH$(E - H;CK>Hk
E - H h  

where Pr stands for the principal value. Because H b  and H h  a r e  Hermitian, the 
first two terms are Hermitian and the third is imaginary. The first term contains 
llIV,ll, and, in addition, llIUDllI, which is the result of virtual transitions from the 
open I channels to the closed channels and back to the I channels. The second term is 
the off-energy-shell contribution of the propagator and corresponds to virtual transitions 
through the closed channels, which are connected to the I channels by way of intermedi­
ate states belonging to the open channels K. The third term comes from the energy-
conserving part of the propagator and represents the effect of the direct transitions to  
the set K of excluded open channels. 

The resonance terms containing HR arise from the reaction mechanism which pro­
ceeds via real transitions to the discrete compound states of the closed channel subspace. 
The term llIHRPS gives the decay from the compound states directly into the I chan­
nels. The imaginary term from the on-energy-shell part of the propagator in equa­
tion (46) involves.the decays into the K channels. In both the direct and the resonance 
terms, the imaginary part will tend to increase when the number of inelastic channels 
assigned to  the set K is increased, because the transitions associated with the propa­
gator term will become more numerous thereby. 

The generalized potential' Vk) has many of the properties of the single-channel po­
tential derived by Feshbach (ref. 1). Only slight modifications of his discussion are re­
quired here; therefore the discussion is limited mainly to  stating the corresponding prop­
erties. The smallest threshold energy for opening any of the channels not belonging to 
the set I is cK. The abbreviations SOO CY 

= OIXOI,VI@ = II1V,OI, etc. a r e  also 
adopted. The eigenstates of SoOare displayed as follows 
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for the discrete bound eigenstates and 

xeov(E ',Y )  = E 'v (E ' 9  Y )  

for the continuum eigenstates. The continuous spectrum ,egins at the minimum value 

eK. The additional labels y are those used to designate different states with the same 
eigenvalue E '. 

The generalized potentials H and Vk) are nonlocal. This property can be exhib­
ited explicitly by expanding the inverse operator of equation (25) in the complete set of 
eigenstates of $'QQ and the inverse operator of equation (17a) in the eigenstates of 
Sea. In the case of V p )  the result is 

In treating the energy dependence of $), the set of channels I is kept fixed, even at 
small values of E where some of the channels in I are closed. The derivation and 
formal expression for V k )  are the same at any value of E. However, it should be 
noted that the interpretation of equation (44), as the separation of into a slowly 
varying term and a resonant term, becomes invalid when lII includes closed inelastic 
channels whose projection subspace enters significantly into the description of the com­
pound states with energies close to the value E. 

From equation (58), 

and 
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= O  if E < e K  

(From these expressions, it is clear that the imaginary part of VI" is nonpositive, as it 
must be if it is to represent an absorption, and that the energy derivative of the real part 
is nonpositive. A dispersion relation between the real and imaginary parts follows di­
rectly from equations (59a) and (59b): 

The optical model Hamiltonians given by equations (53) and (B12)are, of course, 
not Hermitian. The spread in energy introduced by the energy averaging allows for an 
interpretation in terms of a time-dependent wave packet picture. The optical potential 
describes only the direct or prompt processes accompanying the scattering of the wave 
packet. The time-delayed part of the wave packet resulting from the formation and sub­
sequent decay of the compound system is not contained in the solution of equation (B11). 
The averaged effect of all the resonances on the direct reactions is given by UCN' the 
imaginary part of which accounts for the attenuation of the packet due to the effective 
absorption of direct particle flux into the compound-state reaction mechanism. In the 
limit that the matrix elements of W a r e  small, UCN is pure imaginary. 

The term uCN given by equation (55) similarly serves to give the effect of the res­
onances in the generalized optical potential (eq. (53)). Its form differs from that of UCN 
because it operates on the projected wave packet, which describes the scattering in the 
I channels only. However, the compound states are reached by transitions emanating 
from both the projected part and the projected-out part of the wave packet, and, likewise, 
the decay of the compound states feeds into both sets of channels. The form of uCN 
takes account of these effects. It is also clear that HM and hM a r e  nonlocal potentials. 
In the set of coupled equations for the relative motion in the inelastic channels, the ma­
trix elements 
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enter as coefficients. These are complex functions of the relative coordinates. 

Lewis Research Center, 
National Aeronautics and Space Administrat ion, 

Cleveland, Ohio, February 14, 1967, 
129- 02- 07-07-22. 
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APPENDIX A 

SYMBOLS 

A set of all open (Y channels 

d target nucleus consisting of nucleons 1, 2, . . ., A 

B set of all open p channels 

bmn('0) (g I ZmnI­
51 

cn(ro) (g IAn)+ 
5 1  

D composite particle consisting of nucleon 1bound to nucleon n 

E total energy 

AE energy interval 

Ei 
eigenvalue of M ( 2QQ + W)M 

8,  discrete eigenvalue of 2QQ 

coefficient of qam in expansion of in eigenstates of Za 

fpm coefficient of cpPm in expansion * in eigenstates of ZP 
G(E) Green's operator 

ZFd, 3 dFo9 g1) 
gF0, woI@o)­

52.. .,5* 
H effective Hamiltonian for P* 

H' part of H which varies slowly with E 

H;K IIIH'IIK 


HM optical model Hamiltonian for.all open channels 


*R part of H which varies rapidly with E 
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total Hamiltonian 

P S Q  

@IgOI 
&)tH'n 

I 

hM optical model Hamiltonian for selected inelastic channels 

selected set of open a! channels including incident channel (YO 

K 	 set of all open channels except those included in set I 

noninteracting Hamiltonian for channel a! 

sum of internal Hamiltonians of particles in a! channels 

specifies wave vectors of noninteracting channel fragments 


specifies wave vectors of incident particles in incident channel a o  


specifies wave vectors of scattered particles in exit channel a m  


projector into subspace gR(E) 


mass of particle i 


normalization constant for vector zGn 


number of resonances in energy interval A E  


normalization constant for vector @; 


dimension of subspace gR(E) 


number of open a channels 


n designates internal states of channel fragments 


n nucleon 


P projector which selects all open channels 


projection subspace of P 

Q 1 - P, projector into closed-channel subspace 

s projection subspace of Q 
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D R(E) projection subspace of M(E); space spanned by all $I, whose levels 
8,  overlap at energy E 

RA an effective radius for nucleus A 

-c 

rD position vector of particle D relative to center-of-mass of total system 

-c 

ri position vector of particle i relative to center-of-mass of total system 

TO) transition matrix element for scattering into set of channels I 

T(crmcm /u!oEo) transition matrix element connecting incident channel (YO to exit chan-

T, 

TP 
U 

'CN 

uD 

UCN 

Vl" 


v(Y 

YA 

y i  

y
A
(4 

Y ~ + ~  
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nel a m  

sum of center-of-mass kinetic energies of particles in (Y channels 

transition matrix element which follows from H f  

generalized optical potential 

contribution to  HM from averaging over resonances in energy inter­
nal AE 

contribution of distant resonances to H' 

operator satisfying vcY*= 

PV,P +UD 

contribution to hm from averaging over resonances in energy inter­
nal AE 

eigenstate of T, which is product of plane waves with wave vectors 

specified by k' 
generalized potential for selected inelastic channels 

interaction between particles in a channels 

Va1@Ya2@. . . @YONvector sum of subspaces Yam over set A 

Ya,N+l@V(Y,N+2@ . . . sum of subspaces Yam not contained in 
in YA 

subspace spanned by all vectors of YA and YB combined 



largest subspace of YB which is orthogonal to  YA 


space spanned by all vectors of the form Z(FD,?)qo 

direct sum of Yam, m in set I 


subspace in B orthogonal to "YA 


subspace in B orthogonal t o  V p )  


subspace spanned by all vectors of form x(pam 


subspace of %m such that IIpi9 yields asymptotic behavior of 9 in 
channel a m  

largest subspace of cmorthogonal to  

xQp(~- H' + i�)-lxpQ 

complete orthonormal set of functions of 

Xi(FOMO 

(l - nB)Xi 

N(l - nF'B)Xi 


complete orthonormal set of functions of 


yj  (FD) 

yjqDqo 


(l - IIA)Yj 


complete orthonormal set of functions of 


'mn('D95) 

'mnqo 

Mmn(1 - IIAkmn 


indices specifying types of channels 


YF& 

F0 


FD 

FD and 

a m  	 indices specifying the various a! channels 

indices specifying an exit channel of the P type 

-1 ImEi 
2 
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E positive infinitesimal 


�K smallest threshold energy for opening up any of the channels not in the set I 


position vector of particle i relative to center of mass of nucleus d - 1 

continuum eigeristate of Zoo 

discrete bound eigenstate of 

position vectors of particle 1 and incident nucleon respectively from center of 
mass of nucleus D 

1 - n1 

continuum eigenstate of hm 

A 

(AE)-'A 

complete orthonormal set in variable rl 
position vector of particle i relative to  center of mass of nucleus d 

projection operator into subspace 

projection operator into subspace 

projection operator into subspace 

projection operator into subspace 

projection operator into subspace 

'K 'A-I + '0 

'0 projection operator into subspace 

projection operator into subspace 

'am projection operator into subspace 

projection operator into subspace 
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YA 

YA(4 

YACB 

Y
BPA 

YFB 

Yo 

Yo(6) 


Yam 



II@~ projection operator into subspace Yama m  ( P a  
van eigenstate of Ya 

'Pa& eigenstate of K, 

+ O  
ground state of nucleus d 

discrete eigenstate of &'
QQ 

any state of motion for mass centers of particles cu 
x(+I continuum eigenstate of HM 

Xl" 

Q' 

*I 
*(+I­
aok continuum eigenstate of 2 

ground state of nucleus D 

+i discrete eigenfunctions of potential function of mass-of-center coordinates of 
a particles 

qi6) complete set of states of nucleus D 

(*I continuum eigenstate of H'+m 

*O ground state of nucleus d - 1 

+?I continuum eigenstate of H' 
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'"i eigenvector of M(Xw + W)M 

'"i 
A eigenvector of M(X- + W ~ ) M  

Mathematical conventions : 

real part of 

imaginary part of 

Kronecker delta 

scalar product involving integration over the coordinates TI and g2 
unit operator 

vector sum 

complex conjugate 

adjoint 
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APPENDIX B 

REVIEW OF PERTINENT CONCEPTS FROM FESHBACH'S 

UNIFIED THEORY OF NUCLEAR REACTIONS 

When the inverse operator in equation (25) is expanded in the complete set of eigen­
states of yw the energy dependence of H in the neighborhood of E can be expressed 
as the sum of a slowly varying part and a rapidly varying part: 

In the first term on the right, which is called HR, the sum extends over the discrete 
levels 8

P' 
which are sufficiently close to the value E that their contributions vary rap­

idly. The term UD represents the remaining terms from the sum over the complete 
set. It is the net contribution of all virtual transitions from the open channels to the dis­
tant resonances and back and varies slowly with E. The strongly energy-dependent part 
of H canbewri t tenas  

1H R =  &'PQM(E) *QP
E - *QQ 

where 

The set of p values in the summation, called N(E) in number, depends on the value 
of E. In the region of isolated resonances, N(E) is at most equal to 1. Note that M(E) 
is the projector into the N(E) dimensional subspace SR(E) of 9 spanned by the corre­
sponding set of orthonormal vectors @ 

P' 
The remaining part of H is the slowly vary­

ing part H', so that 
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The integral equation for Pa in terms of these two parts of H is 

where +:) is the eigenstate of H' with the same boundary conditions as a. The am­
plitude for the transition from the incident channel a o  to the open channel a m  is 

-c -L

T(amkm Iaoko) = Tp + 

-c -c 

where ko and km designate, respectively, the incident and final wave vectors of the 
a particles and q i )  is the eigenstate of H' with the energy value E, and the boundary 
conditions of incoming spherical waves in the open channels and plane waves in channel 
a m  with wave vectors specified by gm. Here, T

P 
is the transition matrix element 

which follows from +:). 
There is a rapid energy dependence from the second term on the right of equa­

tion (B4), and it originates from both HR and W. (It is assumed that the energy is not 
in the neighborhood of a threshold for opening a new channel, so the projection operator 
P does not change with energy.) In order to express the resonance variation explicitly, 
the rapidly varying part is written as 

and a more suitable form of the vector 

is obtained. From equation (23), w is seen to be the projection of Q!@ into g R ( E ) .  
When equation (B3) is used in the defining equation (B5) and the commutativity of .x?QQ
and M(E) is used, an equation for w results that can be expressed as 

where 
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Equation (B6a) is a linear equation in the subspace gR(E) and is conveniently solved in 
terms of its Green's operator: 

G(E) = 

i=1 

Here, wi is the eigenvector of M(&' + W)M with the eigenvalue Ei, and ut is the 
corresponding eigenvector of M ( X  - +7W )M with eigenvalue ET. The two types of 

QQ
vectors form a complete biorthogonal set in the subspace 9R(E): 

Then the desired expression for w is 

w = G(E)X qo(+I
QP 

for, when this is inserted into equation (B4), the transition amplitude becomes 

T(E) = Tp + 
1 E - Ei 

i 

In this form, the energy variation of T in the neighborhood of E ar i ses  almost 
entirely from the demoninators in the second term. Let ri be one-half the imaginary 
part of Ei. It is assumed that ri << Re(Ei). It is also assumed that Ei and wi have 
only a slight energy dependence in an interval of the order of Ti about the energy value 
Re(Ei). Then it is meaningful to speak of an individual resonance Ei, even in the over­
lapping resonances region, and the energy width ri, about the value Re(Ei), in which it 
contributes a rapid variation to the transition amplitude. 

The transition amplitude is now averaged over an energy interval AE which is big 
enough to encompass a large number N of resonances and to be much greater than ri, 
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but yet is sufficiently small that T
P 

(or equivalently HI) is essentially constant over the 
interval. (The te rm UD in H' varies slowly with energy over an  energy interval con­
siderably larger than the average value I?

i) 
, because only the "nearest" distant reso­

nances change with E and these constitute a small potion of all the distant resonances 
contributing at any given energy. ) It follows from the assumptions made that to a good 
approximation 

1 

i=1 

The sum over resonances now includes all Ei lying in AE. A s  E varies over the 
range of integration, a cumulative vector sum of the projective spaces s R ( E )  gives a 
total projective space spanned by all the eigenstates q

P 
with values of 8P laying in 

AE. The projector for this subspace associated with AE is 

Under the assumption that the wi are energy independent, both sums in equation (B8b) 
may be extended to run over AE which permits equation (B9) to be replaced by 

It is clear that the form of expressions like (BlO) is the same for either the case of iso­
lated or of overlapping resonances. 

The generalized optical model Hamiltonian HM for all the open channels is defined 
by the condition that at the energy E equal to  the average in AE7 its scattering state 
x(+), which satisfies 

with the same boundary cmditions as P*, yields the transition matrix y. The part 
TP 

of T corresponds to  the scattering given by a state of HI, so that an additional part 
UCN is appended to HI, in order to  produce the contribution arising from the averaged 
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effect of the resonances, that is, the second term on the right of equation (B10) 

An integral equation satisfied by x(+) is obtained from the two-potential form (eq. (B12)) 
of HM, namely, 

(B13a) 

On the other hand, an explicit solution for x(+), which gives the transition matrix 	T,is 

(B13b) 

Comparing equation (B13a) and (B13b) shows that 

where A = (AE)-'A. Inserting the reciprocal form of equation (B13b) into equation (B14) 
gives 
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APPENDIX C 

PICKUP PROCESSES 

The projection operators previously developed a r e  applied to a concrete example, 
namely, for the case where two kinds of open channels are related through a pickup (or 
stripping) process. Only a single channel of each type is assumed to be open; that is, 
the internal eigenstate in both channels is that in which all composite fragments occupy 
their ground states only. The extension to multiple open channels is straightforward. 
The a! fragments consist of the nucleon n and nucleus d. In the p set, particle 1 
of nucleus d is bound to n forming the composite particle D, while the remaining 
particles 2, . . ., A form the zlucleus Sg - 1. The following position vectors for part­
icle i will be employed, where the nucleon n is labeled by i = 0: 

-c ri position vector of particle i measured from center of mass of total system as 
origin 

gi from center of mass of nucleus d as origin 
4 


q i  from center of mass of nucleus d - 1 as origin 

- L - L  

q1,70 from center of nucleus D as origin 

7 = 171 - 17, 

The spin variables will not be explicitly indicated. The following kinematical relations 
between the position vectors are needed. Here, Mi is the mass of particle i: 

si = t i  +- MD -rD Mo ­
r O  

MA-1 MA 

IC

The natural set of coordinates in the a! channel is ., 5,) and in the /3 
- c - c  -c

channel is (FD, 7,c2, . . ., TA). Equations (Cla) to (Clc) give the linear transforma­
tion between them. The internal state wave functions are 
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(The coordinates ri can be treated as independent if a delta function 6(cri)is included 
in any integration which involves them, and similarly for the j. 

) The subspace YA 
comprises all functions of the form X Q0. An orthonormal basis for the subspace is 
the set of all 

1 1
x. = x.cp 0 (C3) 

where the Xi(Fo) are a complete orthonormal set of functions of Fo: 

Xi(FO)X?(FO) = 6 (Fo- "b) 
i 

The projector IIA into the space YA is given by 

Note that IIA is proportional to a unit operator in Fo-space. A complete coordinate 
representation is 

Similarly, an orthonormal basis for YB is the set of all 

where the completeness of the orthonormal set  Y.
J 

is expressed by the closure relation 

j 

The projector J I B  = l~D~QD+o)(QD~o~into YB has the representation 
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It is convenient to define the function 

where the subscripts indicate the partial set of coordinates that are integrated over in 
forming the scalar product. Since @o is a bound state of nucleus d, 

with RA representing some effective radius for the nucleus d. This implies, in turn, 
that 

If the projection UBxi into VB is substracted from each basis vector xi, the resulting 
set of vectors span the subspace VApB. From equations (C3), (C6), and (C7) there 
follows the result 

where 

Since QD(ii> is a bound state, equation (C8b) shows that 

At asymptotic separations in channel CY, IFoI + 00, IFl ,< RA, and, in view of equa­
tion (Cla), this in turn implies that IFDI - 00 also. Thus, the vectors 

x!1 = (1 - TI )xB i  
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which a re  orthogonal to YB and span YApB, have the same asymptotic behavior in 
channel (Y as the original basis vectors xi. An easy calculation yields 

(x; lx$ = G i j  - (fj  1'3 

Hence, the xi are not, in general, orthogonal to one another, and, in fact, need not be 
a linearly independent set. Of course, the subspace Y

APB 
does not depend on the 

choice of basis functions Xi(ro), and the construction of the subspace may be facilitated 
by an expecially suitable choice of these functions. 

The subspace Y
BlJA 

is spanned by the vectors 

y; = (1 - nA j)y 

and it is easily shown that 

where 

and 

Directly from (C8a) and the bound state nature of TD follows the property 

which, in turn, implies that h.
J vanishes at asymptotic separations in channel p. Also, 

(y! (y!) = 6ij - (h. Ih.)
J 1 J 1 


shows that the y!
J 

are not orthogonal or necessarily independent. 
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A somewhat different projection space from ŶB was employed by Feshbach (ref. 2) 
in treating the pickup process to illustrate his formalism. This space (hereinafter called 
YFB) can be viewed as the larger space obtained by taking the vector sum of subspaces 
like YB over the full set of states qi(?), both bound and continuum, of the system D. 
Then "YFB corresponds to all states having the form Z (-rD,v+)q0, and an orthonormal 
basis for the space can be expressed as the totality of functions 

where the Zmn constitute a complete set of functions of FD and (or Fo and rl). 
A particular choice would be Zmn = Ym(FD)qn(?). It is assumed that the Zmn are 
normalized so that the closure relation has the form 

Clearly, the space cYFB contains the entire component of \Ir on the vector Go. In addi­
tion to the open f i  channel, this space includes the open three-particle channel (n, 1, 
d - 1) in which the nucleus d - 1 is in the state q0 and, also, the contribution to the 
channel a m  arising from the component of qam on qo. Thus, YFB can be used for 
a wider range of conditions than the two-channel case considered here. The projector 
into YFB is 

The projector that selects the open channels can be taken to  be 

PF = 'FB + IIAPFB (ClOa) 

= n A  +n
FBpA (ClOb) 

The space cYApFB is spanned by the vectors 

XI' = N(l - IIFB)Xi (Clla) 

=mi(FO)bo(f; ,  . - 9  FA) - g(~O,~1)9o(T2,* * * 9  
(Cllb) 
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whose scalar products are 

Although the xit are not, in general, orthogonal to  one another, they will be orthogonal 
if the function g happens to be independent of Fo. Then the scalar product on the right 
of equation (C12) will be proportional to the Kronecker delta by virtue of the orthogonality 
of the functions Xi. In the limit that the nucleus d - 1 is infinitely massive compared 
with D, 

(C13a) 

(C13b) 

and the xi' constitute an orthogonal set. A function @; can then be defined by 

and (Clla) becomes 

xi' = Xi(F0) @; 

The normalization constant N, which makes (@; 1 @;) equal to 1, satisfies the relation 

Under these conditions, the explicit expressions for the projection operators in equa­
tion (ClOa), are as follows: 

(C14a) 

The subspace dFBPAis spanned by the vectors 
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with 

Their scalar products a r e  given by the equation 

If the basis set Zmn is chosen to be 

then 

where 

and the An a r e  an orthonormal set in the variable Fl. If the cn(Fo) were independent 
of "lo(i.e., if they were constants), it would then follow from the orthogonality of the 
Xm(Fo) that the bmn (F0) were orthogonal for different values of m. Again, in the limit 
of an infinitely massive target for which equations (C13a) and (C13b) hold, the required 
conditions are fulfilled and the cn are constants. In this case, the orthonormal set 
A ~ ( F ~ )can be chosen so that 

where the constant co = [(g Igu ' I2.Then the orthonormal basis for the subspace 
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where 

+c/h = n = l ,  2 , .  . . 

The projector into this space is 

In the last step, use was made of the completeness of the set &(Fl). From equa­
tions (C7), (C9), and (C15), 

can be written. Inserting this form into equation (C16) along with equations (C4) and (C9) 
gives 



When the form given by equation (C17) is employed in equation (ClOb), it immediately 
gives equation (ClOa), as a glance at equations (C14a) and (Clla) will confirm. The form 
of equation (C18) is the resolution of the operator II

FBpA 
into a part operating on VFB 

and a part operating on the subspace orthogonal to it. Equation (C18) illustrates the rela­
tion given by equation (29). 
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Figure 1. - Schematic representation of projective subspaces 
.f a n d  I A .  
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